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Theorem: 83 Is prime.

Proof: Define R as the ring
(Z2/83)[1] /(3% + 1).
Map R onto a field k.

(There exists a prime p

dividing 83, since 83 > 1.
There exists an irreducible
¢ € (Z/p)[i] dividing 2° + 1.
Define k = (Z/p)[z]/¢.)




Use calculator to see that
832 -1 =14-492in Z
and (2 +1)"? =34 + 163 in R.

(Square repeatedly:
(2+14)2 =3 +4iin R,
(2+14)°>=2+11iin R;
(2+1)° =—34 -39 in R;

(2 +14)1%3 =16+ 18i in R;
(2 +1)%* =15 -5 in R;
(2 +4)*2 =34 + 163 in R.)




Use calculator to see that
(34 +163)° — 1 = —14 + 94
is in R*, reciprocal 41 — 271
(34 +163) — 1= -2

is in R*, reciprocal 41;

and (34 +163)'* =1in R.

Thus (2+4)"""1 =1in R;
(2 + )#RD/2 1 and

(2 4+ 3)#R-D/7T _ 1 are in R*;
also, (2+12) — lisin R*.




Define ¢ as the image in &
of (2 4 i)(#R_l)/14.

Then ¢4 #£1, (T #£1, 4 =1,
so ( has order 14,

and 14 divides #k — 1.

(2+4)7"*1=1ink
so (2 + 3)#E-1/14 — ¢l &
for some £ € Z.



Use calculator to see that
(z — 1)832 — (2 + i)(832_1)/14$ 1
in the ring R[z]/(z'* — (2 +1)).

(Square repeatedly:
(z —1)° =% — 2z + 1,
(x —1)° =z3 —3z° + 3z — 1,

(z — 1)17%%2 = (—10 + 407)z!3
(z — 1)3*4% = (-39 — 244)2!3
(z — 1)0888 — (—17 4 334)g!3
(z — 1)%889 = (34 4 161)z — 1.)




Define S = k[z]/(z'* — (2 +1)).
(z—1)"R =(z—1in S.

Substitute ("x for z:

((Mz — 1)K =Mz — 1

in k[z]/((("2)* — (2+1)) = S,
(z —1)#R" =¢m™z—1in S.

(z — 1)#RT#K — ¢msly _ 1in S



Define C as the set of

(a,B) € R x R such that
alg(#R/#k)|, |B1g #k].
and |a Ig(#R/#k) + B1g #k]
are < /14/3Ig #R.

If #k = #R then
can skip to end of proof,
so assume #k < #R.
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C is a closed convex symmetric set

(Ig #R)?
of area 3(14/3) (g 78) lg(# R /k)’

which is at least 4 - 14.

By Minkowski's theorem,

C has a nonzero point (a, 3)
in the determinant-14 lattice

{(a,8) € Z X Z:
a+ (68— a)l e 14Z}.

Assume wlog that a > 0.



If B> 0, define
u = (#R/#k)*#kP and v = 1.

Then u and v are positive integers;
% and v are < #R\/m; and

(z — 1)4#kS — (g — 1)#ROH#K

= (atPly 1 = (g 1

= (z — 1)#K° = (z — 1)"#K" in S.

Similar results if 8 < 0: define
u = (#R/#k)* and v = #kP.




T — 1isin §*:
z1* —(24+4) mod z —1is
1 — (2 + 1), which is in k*.

(z—1)7

order of £ — 1 is coprime to #k.
(z — 1)u#k™—v#k™ — 1 jp S*

so (z—1)*"Y=1in S*.

14 ,
K" — 2 _-11in S so

Note that |u — v| < (832)V14/3.
Use calculator to see that

(832)‘/14/3 < (832)\/169/36
— 8313/3 ~ 210000000.




If ag, a1, ..., a13 € Z then
(z —1)%0 ... (¢Bz —1)%13
is a power of z — 1 in §*.

Consider vectors (ag, a1, ..., a13)
with #{m : a,, < 0} =4,

> o —am[am < 0] <6,

Zm am[am > O] < T.

Number of such vectors a is

(144) (2) (177); use calculator to see

that () () (%) = 292011720.



Say two such vectors a, b have

[ ({2 —1)%m =[], (("z—1)°m
in S*.

Then A= B in S where

A — H(me . 1)am[am20]—bm[bm<O: |
B=[1(("z— 1)bm[bm20]—am[am<0:_

deg A, deg B are at most 6 + 7 < 14
so A= B in klz].

are coprime in k[z] so a = b.



So there are > 292011720
powers of £ — 1 in §*.

Thus u = v, i.e., #R* = #k> 5
If a« = 0 then B = 0, contradiction.
Thus 83 is a power of a prime.

Use calculator to see that
83 Is not a square, cube, etc.
Thus 83 is prime.

Q.E.D.



This is a really stupid way
to prove that 83 Is prime.



But it scales really well!



Any prime 1 has

a similar proof of primality.

Verify in time (Ign)*to(l),

Find in expected time (Ign)2to(l);
GRH guarantees time (Ign)2to(l).



Proving primality of
n = 31415926535807932384626433832795028841:

Use R = Z/n. Check that

e 340 divides n — 1;

o 17(n—1)/840 jg 4 primitive
840th root of 1 in R;

o (:C - 1)n _ 17(n—1)/840$ _1
in R[z]/(z3%° — 17); and

o (49) (332) () = m VO3]




Basic ideas introduced August 2002
by Agrawal-Kayal-Saxena.

Kummer and twists introduced
November 2002 by Berrizbeitia:
verify in time (Ign)*to(1)

if n + 1 has large power of 2.

Generalized to any n
January 2003 by Bernstein,
analogously to 1985 Lenstra.



Constant-factor speedups:
parameter choice by Bernstein;
negative powers by Voloch,

with optimization by Vaaler;
#R /#k by Lenstra;
Minkowski by Lenstra.

Can we achieve (Ign)3to(1)?
Want to prove that there are
many more powers of £ — 1 in S*.



